We theoretically study the emergence of strong coupling in the interaction between quantum emitters and the localized surface plasmons of a metal nanoparticle. Owing to their quasidegenerate nature, the continuum of multi-poles is shown to behave as a pseudomode strongly coupled to single emitters instead of as a Markovian bath. We demonstrate that the corresponding capping of the induced loss rate enables collective strong coupling to the dipole mode. Numerical simulations and analytical modeling are applied to several configurations of increasing complexity to grasp the relevant physics. In particular, the emitters closest to the nanoparticle surface are proven to contribute the most to the build-up of the plasmon-exciton polaritons, in contrast with the weak-coupling picture of quenching.
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. Introduction
An intriguing property of metal nanoparticles is their ability to confine light inside deep subwavelength volumes in electromagnetic (EM) modes called localized surface plasmons (LSPs). The enhanced light-matter interaction associated with the strong field localization has received a lot of attention in a broad range of contexts, from optical antennas [1] , surfaceenhanced Raman scattering [2] , photovoltaics [3] , and biosensing [4] to spasers [5] . In the visible spectrum, light confinement often comes at the price of high metal losses. Investigations of light-matter interactions mediated by LSPs were first restricted to the weak-coupling regime (for example, in fluorescence experiments) [6] [7] [8] . However, the quantum properties of surface plasmons have come into focus in the last years [9] and the emergence of strong-coupling regimes characterized by hybrid light-matter states called plasmon-exciton polaritons have been the center of renewed attention. Although the coupling between quantum emitters (QEs) and surface plasmon polaritons supported by a planar surface is relatively well understood [10] [11] [12] [13] [14] , open questions remain for the case of coupling to LSPs. For instance, theoretical predictions disagree on the relevant LSP involved in strong coupling [15] [16] [17] [18] [19] [20] , and the debate has not yet been settled by experimental demonstrations because of the complexity of the geometries involved [21] [22] [23] .
In this paper, we study in-depth the interaction between QEs and the LSP resonances of a spherical metal nanoparticle, focusing on the strong-coupling regime. The system, sketched in figure 1(a) , is composed of a spherical metal nanoparticle of radius a surrounded by N QEs (typically atoms, quantum dots, or, in our case, organic molecules). They are modeled as point-dipole two-level systems, with transition energy ℏω 0 and dipole moment μ. When excited, they couple to several decay channels: internal nonradiative decay at a rate γ QE (due to rovibrational and phononic effects), spontaneous emission of photons into the modes of the dielectric host material (constant ϵ d ) at a rate ϵ γ d 0 , or excitation of the different LSPs of the nanoparticle whose dielectric constant is characterized by a Drude model
We rely on a Greenʼs function theoretical framework suited to describe lossy systems such as metal nanostructures. This formalism was previously used to investigate the single QE problem [17] , then extended to the multiple QE case using multiple-scattering techniques [24] . In both cases, the QE configurations under study were simple to model, yet difficult to attain experimentally. Here, we aim to understand strongcoupling in the more feasible, yet more complex, configuration of a shell of randomly distributed and oriented QEs around the nanoparticle. To do so, we examine several model systems with increasing complexity, revisiting the aforementioned cases along the way. Importantly, at every step, the numerical results are remapped into an effective Hamiltonian to draw analytical insight. After a general presentation of the problem in the weak-coupling picture in section 2, we give an overview of the formalism in section 3. The different configurations are then successively examined, starting with the case of a single QE in section 4. We study two model systems for many QEs in section 5, and finally proceed to the most realistic system in section 6.
Weak-coupling regime
In the weak-coupling regime, the total EM decay rate Γ of a QE placed at r 0 is given by Γ π ω = J r 2 ( , ) figure 1(c) . Physically, the frequency redshift (Lamb shift) and increased radiative losses both arise from the enhanced coupling to the vacuum modes for large nanoparticles. Higher-order multi-poles, being more confined at the surface of the nanoparticle, couple less strongly to the vacuum EM modes and have weaker radiative losses: η l drops by several orders of magnitude for each increment of l, so that we can safely assume that the only radiative (however faintly) mode is the dipole mode, i.e., γ ≈ 0 [27] , and a host dielectric with ϵ = 2.13 d [5] . We also choose to use QEs with low quantum yield, having μ = 0.38 e.nm (corresponding to a free-space emission rate γ μ =  1 0 eV at ω =  3 eV), and γ =  15 meV QE [28] , to demonstrate the robustness of our main conclusions.
The expansion of the spectral density in terms of LSPs enables us to distinguish between the decay rate into the dipole mode γ 1 and into all other multi-pole modes γ M . These rates are shown in figure 1(c) with varying nanoparticle radius a for a QE placed at = − = h r a 1 nm 0 away from the nanoparticle surface. The decay from the QE to the dipole mode becomes faster as the nanoparticle radius shrinks, illustrating the underlying trade-off behind the choice of nanoparticle radius for experimental observation of strong coupling. In the following, we choose a radius = a 7nm [5] . . The black dotted line is a guide for the eye, illustrating the limit of validity for the quasi-static approximation. (c): Left axes, normalized decay rates into the dipole γ 1 , and all other multi-poles γ M for a QE at h = 1 nm from the surface of the nanoparticle. The natural frequency of the QE ω 0 is chosen to be resonant with the corresponding mode at ω 1 (dipole frequency) and ω M (mean frequency of the spectral function for ⩾ l 2), as illustrated in matching colors on (b). Right axes, radiative yields of the two lowest LSP modes, calculated as the ratio between scattering and extinction cross sections [25] . 2 The azimuthal momentum m, fully considered in the general approach, can be traced out in the weak-coupling or single QE problems. The contribution of magnetic (TE) resonances will always be negligible for the small nanoparticle considered here.
When placed so close to the nanoparticle, the QEs decay more efficiently into the continuum of multi-poles than into the dipole mode (in figure 1( 
This fast decay into a continuum of nonradiative modes, characteristic of the so-called quenching regime, can be thought of as an efficient loss channel that makes strongcoupling regimes almost unattainable. In the following, we find that, on the contrary, quenching regions are precisely the most favorable to reach strong-coupling regimes. Actually, the weak-coupling picture breaks down when the coupling process between QEs and LSPs becomes faster than all decoherence processes γ γ γ γ γ
Before presenting our strong-coupling formalism, we provide further analytical insight into the preceding discussion by means of the quasi-static limit, valid for QEs close to small nanoparticles ( λ ≪ h a , ), when the coupling of the LSPs to the vacuum EM modes is negligible compared to Ohmic losses [29] . The radial term of the Greenʼs function can then be rewritten as where ζ = h a is the reduced distance to the nanoparticle surface. In this expression, the divergent real part of ω r r G ( , , ) d has been renormalized-in the following, we assume that the induced Lamb shift is already included in the transition energies of the QEs. For a QE with dipole moment oriented parallel to the surface, the + l ( 1) 2 factor is replaced by + l l ( 1) 2. The eigenfrequencies ω l become only materialdependent, characterized by the well-known condition
All nanoparticle modes having similar Ohmic losses but different radiative losses, the quasi-static limit is more easily reached for high-order multi-poles as clearly shown by the black dotted line in figure 1(b) . Our radius = a 7 nm guarantees the validity of the quasi-static limit for all nanoparticle modes, enabling us to derive analytical formulas.
Theoretical formalism
In this section, we sketch the main ideas of the formalism, referring the interested reader to the details presented in the supplemental material of ref. [24] . It is based on a macroscopic QED framework [30, 31] suited to describe lossy media. The Hamiltonian of the bare system without QEs is first diagonalized on the basis of the polaritonic operators ω f r( , ), which represents the elementary excitations of the lossy light-matter system, including all the EM modes of the vacuum and LSPs. All EM information about the metal nanoparticle is remapped into the classical Greenʼs function ω ′ G r r ( , , ), as readily seen in the expression of the E-field
where ϵ ω r ( , ) I is the imaginary part of ϵ ω r ( , ). Physically, equation (3) can be understood in terms of fluctuational electrodynamics: the E-field results from the propagation of the elementary fluctuations occurring in the lossy material. The QEs are then introduced using fermionic operators σ n that interact with the E-field through dipolar coupling, leading to the full Hamiltonian
where
. Such a complex eigenenergy is a reasonable treatment for decoherence processes (decay and dephasing) as far as the coherent part of the dynamics is concerned-similarly to the case when a Lindblad master equation is remapped into a non-Hermitian effective Hamiltonian [32] . Note that no rotating-wave approximation is made in the coupling term and that direct dipole-dipole interactions are naturally included through the G d component of the Greenʼs function.
Following a procedure introduced for nondispersive, lossless media [33] , we perform a Laplace transform on the Heisenberg equations of motion and trace out the fermionic operators σ n to obtain a Lippman-Schwinger equation for F , where the QEs appear as point scatterers and quantum source operators. In the process, the hypothesis of the low excitation regime is used to approximate the σ n as bosonic and the Efield operators are obtained using multiple-scattering techniques. Note that in the low excitation regime, it is actually impossible to distinguish between the fermionic and bosonic nature of the QEs, meaning that the physics investigated here with a quantum formalism could also be accounted for by a classical treatment using damped harmonic oscillators.
The emergence of strong coupling is analyzed for the spontaneous emission problem 3 where the physical magnitude of experimental relevance is the light spectrum measured at the detector position,
To mimic typical experimental setups where the QEs are incoherently pumped at high energies, we separately calculate the light spectra for the n 0 th QE being initially excited, and then sum incoherently over n 0 : , where F i is the (classical) E-field amplitude of an incoming plane wave scattered by the nanoparticle. The expression for the light spectrum with the n 0 th QE initially excited is given by
, , is the N-scattering dressed Greenʼs function describing the full propagation from the nth QE to the detector. This result is analytical and valid in both weak-and strong-coupling regimes. To deconvolve the effect of propagation to the detector, it is interesting to study the polarization spectra in the m th QE ω = P ( ) 
Single QE problem
The case of a single QE captures the essential physics behind the transition from quenching to strong coupling. Indeed, the decay into the nonradiative multi-poles γ M only appears Markovian because of the weak-coupling approximation that the decoherence of the bath of LSP modes is much faster than the rate of energy exchange. As shown in [17] , when γ M overcomes all decoherence rates, the multi-poles and the QE start to reversibly exchange energy at a rate given by the Rabi frequency Ω R . In both the light and polarization spectra shown in figure 2 , Ω R characterizes the width of the avoided crossing between upper and lower plasmon-exciton polariton branches around ω ω = = 3.4 eV 0 . The dipole mode around ω = 3 eV is much less coupled to the QE (there is almost no signature in the nearfield spectrum) but nonetheless dominates the far-field, showing the importance of propagation effects.
Somehow surprisingly, as a continuum of EM modes could be expected to always behave like a Markovian bath similarly to the vacuum EM modes, this emergence of strong coupling arises from the quasi-degenerate nature of the LSP modes, all converging towards the cut-off frequency ω ∞ where the condition ϵ ϵ
is fulfilled. Consequently, the multipoles behave effectively as a single pseudomode whose spatial distribution, illustrated in figure 2(c), looks like a hotspot localized just below the QE. This appears clearly in the quasistatic limit. By further expanding the spectral function, Using the approximation that all multi-poles (
2 , they merge into a . It highlights the physical cornerstone of the system, i.e., the pseudomode behavior of the multi-poles, which caps the efficiency of quenching at the rate of the Ohmic decay (usually much faster than the QE internal decay).
Model systems for a collection of QEs: single layer versus ring configurations
Because of this limited quenching efficiency, a collection of QEs can reach strong-coupling regimes with the more radiative dipole mode. In a previous work, we examined the model system of an homogeneous layer of radial QEs at 1 nm from the surface of the nanoparticle. Here, we recall the main conclusions [24] . As the number of QEs is increased, the strong coupling to the pseudomode disappears from the far-field, while a collective Rabi gap opens at the frequency of the dipole mode. This interplay between collective coupling to dipole and individual coupling to the multi-poles can be grasped by studying the distribution of the relevant nanoparticle modes: localized for the pseudomode, encompassing the entire nanoparticle for the dipole mode. An analytical remapping to a three-level Hamiltonian (collection of QEs, one dipole mode, one pseudomode) shows that in the strong-coupling regime, for QEs close to resonance with the dipole mode, the multi-poles act more like an effective detuning δ eff than as a decay channel. Indeed, the Rabi splitting Ω R between the plasmon-exciton polariton modes is well approximated at resonance (ω
The threefold degeneracy of the dipole mode explains the factor 3 in its coupling term to the QEs. Additionally, direct dipole-dipole interactions are found to be negligible when the QEs are separated by more than 1 nm.
Having revisited the two previously investigated cases, we now go a step beyond their conclusions and show that other effects can emerge when the QEs are very close to one another. To do so, we examine one last model configuration: a ring of QEs at a distance of 1 nm from the equator of the nanoparticle and oriented parallel to the polar axis z (figure 3). As can be seen in the polarization spectrum for 10 QEs, a Rabi gap opens at the dipole frequency around 3 eV, whereas the coupling to the pseudomode remains unchanged. This interplay between collective coupling to the dipole mode and individual coupling to the pseudomode is confirmed by the spatial distribution of the light spectrum, where the E-field distribution of the dipole mode parallel to z emerges from the background below the hotspots corresponding to the nonoverlapping pseudomodes.
However, contrary to the case of the layer, for 50 QEs, the Rabi splitting at the pseudomode frequency increases drastically. In the field map, the corresponding hotspots now overlap, triggering also collective coupling to the pseudomodes. The entire spectrum is additionally blueshifted by direct dipole-dipole interactions [35] . Note that here for sake of simplicity (it is the relevant eigenstate of all parts of the Hamiltonian), instead of the incoherent pumping scheme, we have used a specific starting state where all QEs are in phase and share the same amount of excitation:
Again, these effects can be understood in terms of a three-level Hamiltonian: illustrated in figure 3 . The overestimation of the Rabi splitting at the multi-poles frequency most likely comes from the underlying overestimation of the number of independent pseudomodes involved (one for each QE).
Toward realistic configurations
In this last section, we incrementally increase the complexity of the system to reach experimentally feasible configurations.
Starting from a homogeneous layer of 100 radial QEs at 1 nm from the surface of the nanoparticle ( figure 4(b) , N = 100), we add outer layers (N = 271 to N = 907) of radial QEs while keeping the volume density of QEs constant. Even if the Rabi splitting in the light spectrum ( figure 4(a) ) increases slightly, most of the contributions to the strong coupling to the dipole are carried by the innermost QEs. An additional peak corresponding to uncoupled QEs appears, slightly above the QEs' natural frequency (ω = 3 eV 0 ), because of direct dipole-dipole interactions.
Keeping the radial orientation, we now randomly distribute the same number of QEs (N = 907) in the same shell. In this configuration, labeled ϕ = 0 in figure 4(c), the two outer peaks corresponding to the strong coupling to the dipole mode remain unchanged, but the central zone now displays a richer phenomenology. We then gradually increase the noise in the QEs' orientation, defining ϕ as the maximum allowed noise angle with the radial direction. Here, ϕ π = corresponds to the experimentally most easily achievable configuration of randomly distributed and oriented QEs ( figure 4(d) ). With increasing noise, the Rabi splitting to the dipole mode decreases, whereas the direct emission from the uncoupled QEs grows at ω = 3 eV. Nevertheless, the final configuration still displays a Rabi splitting of around 200 meV, which is well separated from the central peak due to uncoupled QEs. We stress that the innermost QEs are the main contributors to this splitting, even if they only account for 20% of the total QEs.
Conclusion
Through the careful analysis of different configurations with varying complexity, we have identified the main effects governing the strong-coupling interaction between QEs and a metal nanoparticle. A single QE can be strongly coupled to a pseudomode consisting of multi-poles LSPs. Their quasidegenerate nature indeed limits the quenching efficiency to the metal Ohmic loss rate, allowing for the build-up of a collective strong coupling between an assembly of QEs and the more radiative dipole mode that then dominates the farfield. Note that the QEs closest to the nanoparticle, i.e., the supposedly most quenched ones, contribute most to the Rabi splitting detectable in the far-field. Some second-order collective effects are also involved in the coupling to the multipoles when the emitters are very densely packed, and direct dipole-dipole interactions account for an overall blueshift of the relevant bright states.
Our results show that to reach strong-coupling regimes between QEs and LSPs, the relevant LSP is the dipole mode, because it can benefit from collective coupling from all QEs and is by far the most radiative nanoparticle mode. The critical quantity governing the choice of QE is thereby the density of dipole moment μ, whereas QE internal decay or dephasing rate γ QE are less relevant because they are usually negligible compared to the more demanding Ohmic loss rate γ p .
